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2.7:
Projection Method
(x̃s, ỹs) θ̃y
(2.1)
M̃y ¨̃xy = h̃y (2.1)
M̃y x̃y h̃y x̃y
(2.2)
x̃y =
[
θ̃y, θs, x̃s, ỹs, xh, yh, xy, yy
]T
(2.2)
M̃y h̃y (2.3) (2.4)
M̃y = diag (Iy, Is, ms, ms, mh, mh, my, my) (2.3)
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h̃y =




















−Ry(θ̃y − θs)cy(
˙̃θy − θ̇s)
−csθ̇s + Ry(θ̃y − θs)cy(
˙̃θy − θ̇s)
−Fkd(rs, ṙs) sin θs
Fkd(rs, ṙs) cos θs − msg
Fx + Fkd(rs, ṙs) sin θs
Fy − Fkd(rs, ṙs) cos θs − mhg
0
−myg




















(2.4)
3 Fkd(r, ṙ) (2.5)
Fkd(r, ṙ) =













ksr + dsṙ (r ≥ 0, ṙ ≥ 0)
ksr (r ≥ 0, ṙ < 0)
0 (r < 0)
(2.5)
4 Ry(θ) Ls(θ) (2.6)
(2.7)
Ry(θ) =





r0 + kr
(
|θ| − π2
) (
|θ| ≥ π2
)
r0
(
|θ| < π2
)
(2.6)
Ls(θ) =





l0 −
(
r0
(
|θ| − π2
)
+ kr2
(
|θ| − π2
)2
)
(
|θ| ≥ π2
)
l0
(
|θ| < π2
)
(2.7)
(2.1) (x̃s, ỹs) rs
θ̃y θy xy
xy = [θy, θs, rs, xh, yh, xy, yy]
T (2.8)
(x̃s, ỹs) θ̃y













x̃s = xh + rs sin θs
ỹs = yh − rs cos θs
θ̃y = θy + θs
(2.9)
˙̃xy = Ayẋy Ay (2.9) (2.2) (2.10)
Ay =
∂x̃y
∂xy
(2.10)
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¨̃xy = Ȧyẋy + Ayẍy
M̃y
(
Ȧyẋy + Ayẍy
)
= h̃y
ATy M̃yAyẍy = A
T
y
(
h̃y − M̃yȦyẋy
)
(2.11)
My = A
T
y M̃yAy hy = A
T
y
(
h̃y − M̃yȦyẋy
)
Myẍy = hy (2.12)
(2.12) (2.13)
Myẍy = hy + C
T
y λy, (2.13)
Cy λy Cy
Cyẋy = 0
|θy| ≥ π/2
|θy| ≥ π/2 2.6 (a) (c)
|θy| ≥ π/2 (2.14)





xy = xh + (Ls(θy) + rs) sin θs + Ry(θy) cos θssgnθy
yy = yh − (Ls(θy) + rs) cos θs + Ry(θy) sin θssgnθy
(
|θy| ≥
π
2
)
(2.14)
Φy = 0
Φy =


xy − xh − (Ls(θy) + rs) sin θs − Ry(θy) cos θssgnθy
yy − yh + (Ls(θy) + rs) cos θs − Ry(θy) sin θssgnθy

 = 0 (2.15)
(2.15) Cy (2.16)
Cy =
∂Φy
∂xy
=
[
−krCs + Ry(θy)Sssgnθy −(Ls(θy) + rs)Cs + Ry(θy)Sssgnθy −Ss −1 0 1 0
−krSs − Ru(θy)Cssgnθy −(Ls(θy) + rs)Ss − Ry(θy)Cssgnθy Cs 0 −1 0 1
]
(2.16)
Cs cos θs Ss sin θs
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(2.13) q̇y
q̇y ẋy (2.17)
q̇y =
[
θ̇y, θ̇s, ṙs, ẋh, ẏh
]T
. (2.17)
ẋy =
[
q̇Ty ,v
T
y
]T
q̇y vy
Dy CyDy = 0 ẋy = Dyq̇y
Cyẋy = 0
(2.18)
[
−krCs + Ry(θy)Sssgnθy −(Ls(θy) + rs)Cs + Ry(θy)Sssgnθy −Ss −1 0 1 0
−krSs − Ru(θy)Cssgnθy −(Ls(θy) + rs)Ss − Ry(θy)Cssgnθy Cs 0 −1 0 1
]









θ̇y
θ̇s
ṙs
ẋh
ẏh
ẋy
ẏy









= 0
[
Cy1 Cy2
]


q̇y
vy

 = 0
Cy1q̇y + Cy2vy = 0
vy = −C
−1
y2 Cy1q̇y (2.18)
(2.18) ẋy
ẋy =


I5
−C−1y2 Cy1

 (2.19)
I (2.19)
Dy
Dy =


I5
−C−1y2 Cy1


=

















1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
krCs − Ry(θy)Sssgnθy (Ls(θy) + rs)Cs − Ry(θy)Sssgnθy Ss 1 0
krSs + Ry(θy)Cssgnθy (Ls(θy) + rs)Ss + Ry(θy)Cssgnθy −Cs 0 1

















(2.20)
19
(2.20)
CyDy =
[
Cy1 Cy2
]


I5
−C−1y2 Cy1


= Cy1 − Cy2C
−1
y2 Cy1
= 0
(2.20) (2.13) DTy
ẋy = Dyq̇y
ẍy = Dyq̈y + Ḋyq̇y (2.13) DTy
DTy My(Dyq̈y + Ḋyq̇y) = D
T
y hy + D
T
y C
T
y λy (2.21)
CyDy = D
T
y C
T
y = 0 (2.21)
DTy My(Dyq̈y + Ḋyq̇y) = D
T
y hy
DTy MyDyq̈y + D
T
y MyḊyq̇y = D
T
y hy (2.22)
|θy| < π/2
|θy| < π/2 −π/2 < θy < π/2 |θy| < π/2
(2.23)





xy = xh + (l0 + rs) sin θs + r0 sin(θs + θy)
yy = yh − (l0 + rs) cos θs − r0 cos(θs + θy)
(
|θy| <
π
2
)
(2.23)
Cy =


−r0Csyo −(l0 + rs)Cs − r0Csyo −Ss −1 0 1 0
−r0Ssyo −(l0 + rs)Ss − r0Ssyo Cs 0 −1 0 1

 (2.24)
Csyo cos(θs + θy) Ssyo sin(θs + θy)
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q̇y (2.17) (2.24)
Dy =

















1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
r0Csyo (l0 + rs)Cs + r0Csyo Ss 1 0
r0Ssyo (l0 + rs)Ss + r0Ssyo −Cs 0 1

















(2.25)
(2.25) (2.22)
2.2.2
3
3.
3
2.8 θy
θy = 0
2.3 2.4
Y
X
0
g
Hand
( )
hh yx ,
sθ
0
r
0l
( )yy yx ,
yθ
yF
xF
Y
Hand
yθ
sθ
( )yy yx ,
( )hh yx ,
( )yyR θ
( )ysL θ
yF
X
0
g
xF
Y
X
0
g
Hand
( )
hh yx ,
sθ
( )yyR θ
( )ysL θ
( )yy yx , yθ
yF
xF
(a)  ( )2/πθ −≤y (b) 	
 ( )2/2/ πθπ <<− y (c)  ( )2/πθ ≥y
2.8:
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(2.12)
xy = [θy, θs, xh, yh, xy, yy]
T (2.26)
My =














Iy Iy 0 0 0 0
Iy Iy + Is 0 0 0 0
0 0 mh 0 0 0
0 0 0 mh 0 0
0 0 0 0 my 0
0 0 0 0 0 my














(2.27)
hy =














−Ry(θy)cy θ̇y
−csθ̇s
Fx
Fy − mhg
0
−myg














(2.28)
Ry(θ) Ls(θ) (2.6)
(2.7)
(2.13)
xy =





xh + Ls(θy) sin θs + Ry(θy) cos θssgnθy
(
|θy| ≥
π
2
)
xh + l0 sin θs + r0 sin(θs + θy)
(
|θy| <
π
2
)
(2.29)
yy =





yh − Ls(θy) cos θs + Ry(θy) sin θssgnθy
(
|θy| ≥
π
2
)
yh − l0 cos θs − r0 cos(θs + θy)
(
|θy| <
π
2
)
(2.30)
(2.31) (2.32)
Cy =
[
−krCs + Ry(θy)Sssgnθy −Ls(θy)Cs + Ry(θy)Sssgnθy −1 0 1 0
−krSs − Ru(θy)Cssgnθy −Ls(θy)Ss − Ry(θy)Cssgnθy 0 −1 0 1
] (
|θy| ≥
π
2
)
(2.31)
Cy =


−r0Csyo −l0Cs − r0Csyo −1 0 1 0
−r0Ssyo −l0Ss − r0Ssyo 0 −1 0 1


(
|θy| <
π
2
)
(2.32)
q̇y =
[
θ̇y, θ̇s, ẋh, ẏh
]T
(2.33)
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(2.34) (2.35)
Dy =














1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
krCs − Ry(θy)Sssgnθy Ls(θy)Cs − Ry(θy)Sssgnθy 1 0
krSs + Ry(θy)Cssgnθy Ls(θy)Ss + Ry(θy)Cssgnθy 0 1














(
|θy| ≥
π
2
)
(2.34)
Dy =














1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
r0Csyo l0Cs + r0Csyo 1 0
r0Ssyo l0Ss + r0Ssyo 0 1














(
|θy| <
π
2
)
(2.35)
(2.34) (2.35) (2.13) DTy
(2.22)
2.2.3 1
1
1 2.9 2.5 2.6
(2.36)
Maẍa = ha (2.36)
xa := [θl, xl, yl, xw, yw, xf , yf ]
T (2.37)
Ma := diag (Il, ml, ml, mw, mw, mf , mf ) (2.38)
ha :=

















τl − clθ̇l − flpsgn
(
sgnθ̇l + 1
)
− flmsgn
(
sgnθ̇l − 1
)
0
−mlg
0
−mwg
0
−mf g

















(2.39)
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lθ
ll
ml
fl
Y
X
( )ll yx ,
( )ff yx ,
( )
mm yx ,
Counter 
weight
Hand
lτ
0
g
2.9 1
(2.40)
Maẍa = ha + C
T
a λa, (2.40)
Ca λa Ca
(2.41) (2.42)



































xl = ll cos θl
yl = ll sin θl
xw = −lw cos θl
yw = −lw sin θl
xf = lf cos θl
yf = lf sin θl
(2.41)
Ca =














llSl 1 0 0 0 0 0
−llCl 0 1 0 0 0 0
−lwSl 0 0 1 0 0 0
lwCl 0 0 0 1 0 0
lf Sl 0 0 0 0 1 0
−lf Cl 0 0 0 0 0 1














(2.42)
(2.41)
q̇a = θ̇l (2.43)
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2.5 1
[kg] ml
[kg] mw
[kg] mf
[kgm2] Il
[Nms/rad] cl
[Nm] flp
[Nm] flm
[m] ll
[m] lw
[m] lf
2.6 1
[m] (xl, yl)
[m] (xw, yw)
[m] (xf , yf )
[rad] θl
[Nm] τl
Ca Da
Da =
[
1 −llSl llCl lwSl −lwCl −lf Sl lf Cl
]T
(2.44)
Da
(2.45)
DTa MaDaq̈a + D
T
a MaḊaq̇a = D
T
a ha (2.45)
(2.45)
M(qa)q̈a + N(q̇a, qa) = τl (2.46)
M(qa) := (Il + mll
2
l + mwl
2
w + mf l
2
f )
N(q̇a, qa) := clq̇a + flpsgn (sgnq̇a + 1) + flmsgn (sgnq̇a − 1) + (mlll + mf lf − mwlw)g cos qa
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2.2.4
1
1
(2.22) (2.45)
(2.47) (Fx, Fy) Fx = 0.00
N Fy = 0.00 N
M̄ ¨̄x = h̄ (2.47)
x̄ :=
[
qa, q
T
y
]T
= [θl, θy, θs, xh, yh] (2.48)
M̄ :=


DTa MaDa 0
0 DTy MyDy

 (2.49)
h̄ :=


DTa
(
ha − MaḊaq̇a
)
DTy
(
hy − MyḊyq̇y
)

 (2.50)
(2.51)





xh = xf = lf cos θl
yh = yf = lf sin θl
(2.51)
(2.51) C̄
C̄ =


lf Sl 0 0 1 0
−lf Cl 0 0 0 1

 (2.52)
˙̄q
˙̄q =
[
θ̇l, θ̇y, θ̇s
]T
(2.53)
D̄
D̄ =











1 0 0
0 1 0
0 0 1
−lf Sl 0 0
lf Cl 0 0











(2.54)
(2.55)
D̄TM̄D̄¨̄q + D̄TM̄ ˙̄D ˙̄q = D̄T h̄ (2.55)
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2.3
2.3.1
my r0 l0
kr l0 r0
θmax = 1.34 × 10
2 rad
kr =
2 (l0 − r0(θmax − π/2))
(θmax − π/2)2
(2.56)
Iy Is cy cs
ds ks ms
mh 1
(qxh , qyh) (xh, yh) e = [qxh − xh, qyh − yh]
T
u = [Fx, Fy]
T (2.57)
˙̃e =





0 I 0
0 0 I
0 0 0





ẽ +





0
0
I





u, ẽ :=





∫
edt
e
ė





(2.57)
(2.58) F
J =
∫
∞
0
(
ẽTQẽ + uTRu
)
dt (2.58)
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2.7
Iy [kgm2] 1.56 × 10−5
Is [kgm2] 3.44 × 10−4
cy [Ns/rad] 1.91 × 10−4
cs [Nms/rad] 7.59 × 10−3
ks [N/m] 1.00 × 103
ds [Ns/m] 6.08
Q R F (2.59) P
(2.60)
PA + ATP − PBR−1BTP + Q = 0 (2.59)
F = R−1BTP (2.60)
F u (2.61)
u = F ẽ (2.61)
(2.62)
Jyid
Jyid =
N
∑
k=0
(
Rx (xk(θyid) − x̂k(θyid))
2 + Ry (yk(θyid) − ŷk(θyid))
2
)
(2.62)
{(xk(θyid), yk(θyid)) : k = 0, 1, · · · , N}
{(x̂k(θyid), ŷk(θyid)) : k = 0, 1, · · · , N}
θyid θyid = [Iy, Is, cy, cs, ks, ds]
θyid = [Iy, Is, cy, cs] Rx Ry
Rx = 1.00 Ry = 1.00
Rx = 0.00 Ry = 1.00
Jyid θyid
2.4 2.5
2.7 2.8 2.7
2.8
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2.8
Iy [kgm2] 4.04 × 10−6
Is [kgm2] 1.52 × 10−6
cy [Ns/rad] 5.52 × 10−5
cs [Nms/rad] 1.87 × 10−5
2.3.2
1 ml mw mf
ll lw lf
Il cl flp flm
(2.63) Jaid
Jaid =
N
∑
k=0
(
θk(θaid) − θ̂k(θaid)
)2
(2.63)
{θk(θaid) : k = 0, 1, · · · , N}
{
θ̂k(θaid) : k = 0, 1, · · · , N
}
M
θaid θaid = [Il, cl, flp, flm]
2.9
2.4
M
2.9
Il [kgm2] 7.71 × 10−7
cl [Nms/rad] 1.22 × 10−2
flp [Nm] 6.30 × 10−2
flm [Nm] 4.99 × 10−2
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2.4.1
(xh, yh) = (0.00, 0.00)
θy = θmax = 1.34 × 10
2 rad θs = −1.13 × 10−1 rad
rs = 0.00 m 2.7
2.8 2.10
mh ms mh = 1.00 kg ms = 1.00 × 10−6 kg
g = 9.81 m/s2
2.10 2.13 2.10 2.11 2.12
2.13
2.10
Y
2.14
2.11 X
2.12 2.13
1.28 × 102 rad 2.59 × 102 rad/s
2.10
my [kg] 5.46 × 10−2
l0 [m] 1.05
r0 [m] 4.00 × 10−3
kr [m] 5.85 × 10−5
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-1.2
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0 0.5 1 1.5 2 2.5 3 3.5
P
o
s
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 [
m
]
Time [s]
yy_cs
yy_us
yy_p
y_meas
2.10: Y yy_cs: yy_us:
yy_p: y_meas:
2 yrms yfit (2.64) (2.65)
yrms =
√
√
√
√
1
N
N
∑
k=1
(yk − ŷk)
2 (2.64)
yfit =

1 −
√
∑N
k=1 (yk − ŷk)
2
√
∑N
k=1 (yk − ȳ)
2

 · 100 [%] (2.65)
ȳ (2.64) (2.65) X
2 1.98 × 10−3 81.8 % Y 2 1.42 × 10−2
95.4 % X 2 2.00 × 10−3
81.6 % Y 2 1.96 × 10−2 93.7 %
Y
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-0.025
-0.02
-0.015
-0.01
-0.005
0
0.005
0.01
0.015
0.02
0 0.5 1 1.5 2 2.5 3 3.5
P
o
s
it
io
n
 [
m
]
Time [s]
xy_cs
xy_us
x_meas
2.11: X xy_cs: xy_us:
x_meas:
X
Y 2 9.41 × 10−2 69.5 %
2.4.2 M
M
θl = 0.00 rad M 1
2.9 2.11
g = 9.81 m/s2
2.15 2.15
2.15
2 19.8 73.6 % 1
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2.12: thy_cs: thy_us:
thy_p: 1.28 × 102
rad
-500
-400
-300
-200
-100
0
100
200
300
400
500
0 0.5 1 1.5 2 2.5 3 3.5
A
n
g
u
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r 
V
e
lo
c
it
y
 [
ra
d
/s
]
Time [s]
dthy_cs
dthy_us
dthy_p
2.13: dthy_cs: dthy_us:
dthy_p:
2.59 × 102 rad/s
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-1.1
-1.05
-1
-0.95
-0.9
-0.85
-0.8
-0.75
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P
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s
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m
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Time [s]
yy_cs
yy_us
yy_p
y_meas
2.14: Y yy_cs: yy_us: yy_p:
y_meas:
2.5
[36, 37] 1
1
Žlajpah [30, 31]
2.11 1
ml [kg] 1.13 × 10−1
mw [kg] 7.58 × 10−1
mf [kg] 5.36 × 10−1
ll [m] 2.10 × 10−2
lw [m] 1.79 × 10−1
lf [m] 2.60 × 10−1
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thl_meas
2.15: thl_simu: thl_meas:
1
2.5.1 1
1
(2.46) uq
(2.66)
M(qa)uq + N(q̇a, qa) = τl (2.66)
(2.46) 1 (2.67)
q̈a = uq (2.67)
1 (2.67) (2.22)
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M̄ h̄
M̄ =


1 0
0 DTy MyDy

 (2.68)
h̄ =


uq
DTy
(
hy − MyḊyq̇y
)

 (2.69)
(2.55)
2.5.2
Ky
Ky =
1
2
Iy θ̇
2
y, (2.70)
(2.70)
Eky Ky = Eky
Vy
Vy =
1
2
(Ky − Eky)
2, V̇y = (Ky − Eky)K̇y (2.71)
(2.71) Vy > 0 Ky = Eky Vy = 0 V̇y < 0
Vy → 0 Ky → Eky V̇y < 0
Ky → Eky
θ̈y
θ̈y = −
Xy
Yy
(2.72)
Xy := mylf RyClsgnθyuq
+ mylf RyClsgnθy
(
(mh + my)l
2
f ClSlθ̇
2
l − mylf krClθ̇
2
y − (mh + my)lf gCl
)
−
(
(mh + my)l
2
f C
2
l + 1
) (
mylf RySlsgnθy θ̇
2
l − mykrRysgnθy θ̇
2
y − cyRy θ̇y − myRygsgnθy
)
Yy :=
(
mhl
2
f C
2
l + 1
) (
Iy + myk
2
r + myR
2
y
)
+ myl
2
f C
2
l
(
Iy + myk
2
r
)
Ry(θ) Ry cos θl Cl sin θl Sl
ms 0 (2.70) (2.71)
(2.72) V̇y
V̇y = −
(Ky − Eky)Iy
Yy
Xy θ̇y < 0 (2.73)
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Ky −Eky ≥
0 Ky ≥ Eky uq = 0 Ky − Eky < 0 Ky < Eky
−(Ky − Eky)Iy/Yy > 0
V̇y = Xy θ̇y < 0 (2.74)
θ̇ysgnθy = −|θ̇y| −π/2 <
θl < π/2 cos θl > 0 (2.74)
uq > Zy (2.75)
Zy := tan θlθ̇
2
l − kr
(
mhlf cos θl +
1
lf cos θl
)
θ̇2y
+
cy
(
(mh + my)l
2
f cos
2 θl + 1
)
mylf cos θl
|θ̇y| −
g
lf cos θl
(2.75)
Vy = 0 (2.75)
uq
uq =





ζ|Zy| (Ky − Eky < 0)
0 (Ky − Eky ≥ 0)
(2.76)
ζ 1 < ζ < ∞ ζ
Vy ξ = {ξ1, ξ2, · · · , ξk, · · · }
ξk tk Vy
0 0 ζ
ζ = ζ0 +
N
∑
k=1
(
κp∆ξk + κi
k
∑
n=1
∆ξn + κd
∆ξk − ∆ξk−1
∆tk
)
(2.77)
∆ξk = ξk − ξ∗ ξ∗ = 0 V
∆tk = tk − tk−1 ζ0 κp κi κd
1 τl (2.76) (2.66)
2.6
1 θl = 0.00 rad θy = −1.35 × 102 rad
θs = 0.00 rad rc = 0.00 m
15l0/16
37
1
2.7 2.8 2.9 2.10 2.11
mh ms
mh = 1.00 × 10
−3 kg ms = 1.00 × 10−6 kg g = 9.81 m/s2
2.7 2.8
2.12
Eky
2.16 2.22 2.16 2.17
2.18 2.19 2.20
2.21 2.22
2.16 2.17
2.18
2.19
2.20
2.21
0
2.22
0
2.12
Eky 4.51 × 10
−1
ζ0 2.00
κp 2.00
κi 1.00
κd 1.00
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1.00 × 10−4
2.7
1
1
1
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thy ths
2.16: thy: ths: 0
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2.17: Y yy: yh:
0.24
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xy xh
2.18: X xy: xh:
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2.19:
-1
0
1
2
3
4
5
6
7
0 10 20 30 40 50 60
T
o
rq
u
e
 [
N
m
]
Time [s]
2.20:
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2.21:
0
0
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Time [s]
2.22: 1.00 × 10−4
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3. 4
1
4 4
4
3.1 4 3
(a) (b)
3.1: 4 (a) (b) 3
4 3.1 2
3.2 1
3.3
3.3
4
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3.2
4
3.1 4
4
4
1. 4
2. 4
3.
4 3.4 3.1
3.2 θlj θb
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3.3:
X 4 2
(xcj , ycj)
3.4 4
2 Projection Method
4
4
Y
g
X
1lθ
2lθ
bθ
glα
gll
bl
lr
cα
cl
( )
11
, ll yx
( )bb yx ,
( )
22
, ll yx
0
( )
11
, cc yx
( )
22
, cc yx
3.4: 4 4
X 2 θlj
θb
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3.1 4
[kg] mb 1.70 × 10−1
[kg] ml 5.50 × 10−2
[kgm2] Ib 7.65 × 10−5
[kgm2] Il 6.10 × 10−6
[Nms/rad] cb 1.70 × 10−9
[Nms/rad] cl 5.50 × 10−10
[m] lb 5.50 × 10−2
[m] lgl 5.83 × 10−2
[rad] αgl 5.40 × 10−1
[m] lc 5.70 × 10−2
[rad] αc 1.30
[m] rl 8.00 × 10−2
[m/s2] g 9.81
3.2 4 j = 1, 2 .
[m] (xb, yb)
j [m] (xlj , ylj)
[rad] θb
j [rad] θlj
j [m] (xcj , ycj)
j [Nm] τlj
3
[38]
3.1.1 4
4 xq
xq = [θb, θl1, θl2, xb, yb, xl1, yl1, xl2, yl2]
T (3.1)
46
(3.2)
Mqẍq = hq (3.2)
Mq := diag (M11,M22) (3.3)
M11 :=





Ib + 2Il Il Il
Il Il 0
Il 0 Il





M22 := diag (mb, mb, ml, ml, ml, ml)
hq :=
























−cbθ̇b
τl1 − clθ̇l1
τl2 − clθ̇l2
0
−mbg
0
−mlg
0
−mlg
























(3.4)
(3.2) 4 (3.5)
Mqẍq = hq + C
T
q λq (3.5)
4 (3.6)





xlj = xb − (−1)
jlb cos θb − (−1)
jlgl cos(θb + θlj + αgl)
ylj = yb + (−1)
jlb sin θb + (−1)
jlgl sin(θb + θlj + αgl)
(3.6)
Cq Cqẋq = 0
Cq =








lbSb + lglSbl1gl lglSbl1gl 0 −1 0 1 0 0 0
lbCb + lglCbl1gl lglCbl1gl 0 0 −1 0 1 0 0
−lbSb − lglSbl2gl 0 −lglSbl2gl −1 0 0 0 1 0
−lbCb − lglCbl2gl 0 −lglCbl2gl 0 −1 0 0 0 1








(3.7)
Sb = sin θb Cb = cos θb Sbljgl = sin(θb +θlj +αgl) Cbljgl = cos(θb +θlj +αgl)
(3.5) q̇q
q̇q =
[
θ̇b, θ̇l1, θ̇l2, ẋb, ẏb
]T
(3.8)
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Cq Dq CqDq = 0 ẋq = Dqq̇q
Dq =
























1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
−lbSb − lglSbl1gl −lglSbl1gl 0 1 0
−lbCb − lglCbl1gl −lglCbl1gl 0 0 1
lbSb + lglSbl2gl 0 lglSbl2gl 1 0
lbCb + lglCbl2gl 0 lglCbl2gl 0 1
























(3.9)
(3.9) (3.5) DTq
2
DTq MqDqq̈q + D
T
q MqḊqq̇q = D
T
q hq (3.10)
3.1.2
4
4
4 (3.5) τI
4 (3.11)
Mqẍq = hq + C
T
q λq + τI (3.11)
τI CI λI
τI = C
T
I λI , (3.12)
CI CI ẋq = 0 CI
hj hj ≤ 0 λj λj > 0
(xcj , ycj)





xcj = xb − (−1)
jlb cos θb − (−1)
jlc cos(θb + θlj + αc)
ycj = yb + (−1)
jlb sin θb + (−1)
jlc sin(θb + θlj + αc)
(3.13)
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hj = ycj − rl (3.14)





xcj = xcj0 + rl(θb + θlj − (θb0 + θlj0))
ycj = rl
(hj ≤ 0 ∩ λj > 0) (3.14)
xcj0 θb0 θlj0 X
(3.14) ΦI = 0
CI (3.15)
CI =
∂ΦI
∂xq
(hj ≤ 0 ∩ λj > 0) (3.15)
(3.15) (3.11) DTq
4 (3.16)
DTq MqDqq̈q + D
T
q MqḊqq̇q = D
T
q hq + D
T
q C
T
I λI (3.16)
(3.12) (3.11)
Mqẍq = hq + C
T
qqλqq (3.17)
Cqq :=
[
CTq ,C
T
I
]T
λqq :=
[
λTq ,λ
T
I
]T
(3.17) Cqqẋq = 0 Cqqẍq = −Ċqqẋq
Cqqẍq = CqqM
−1
q hq + CqqM
−1
q C
T
qqλqq
λqq =
(
CqqM
−1
q C
T
qq
)
−1 (
CqqM
−1
q hq + Ċqqẋq
)
(3.18)
λqq λqq (3.16) λI
3.1.3
4
3
(3.11) λq
λq = −X
−1
q
(
CqM
−1
q hq + Ċqẋq + CqM
−1
q τI
)
(3.19)
Xq := CqM
−1
q C
T
q
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(3.12) (3.19) (3.11)
Mqẍq = Yqhq − C
T
q X
−1
q Ċqẋq + YqC
T
I λI (3.20)
Yq := I9 − C
T
q X
−1
q CqM
−1
q
(3.20) ẋ−q ẋ
+
q
Mqẋ
+
q − Mqẋ
−
q = YqC
T
I λI (3.21)
ẋ+q CI ẋ
+
q = 0 (3.21) λI
λI = −Z
−1
q CI ẋ
−
q (3.22)
Zq := CIM
−1
q YqC
T
I
ẋ+q (3.22) (3.21)
ẋ+q =
(
I9 − M
−1
q YqC
T
I Z
−1
q CI
)
ẋ−q (3.23)
3.2
2
4
[37]
4
4 X
3.2.1
4 3.5
0
0
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Y
g
X
sθ
iθ
glα
gll
bl
lr
cα
cl
( )ss yx ,
( )bb yx ,
( )ii yx ,
0
bθ
3.5: 4
0
0
(3.24)

















































xb = −lc cos(θb + θs + αc) − lb cos θb
yb = lc sin(θb + θs + αc) + lb sin θb + rl
xs = −lc cos(θb + θs + αc) + lgl cos(θb + θs + αgl)
ys = lc sin(θb + θs + αc) − lgl sin(θb + θs + αgl) + rl
xi = −lc cos(θb + θs + αc) − 2lb cos θb
−lgl cos(θb + θi + αgl)
yi = lc sin(θb + θs + αc) + 2lb sin θb
+lgl sin(θb + θi + αgl) + rl
(3.24)
(xs, ys) (xi, yi) q̇q
q̇q =
[
θ̇b, θ̇s, θ̇i
]T
(3.25)
(3.24) (3.25)
Cq Dq
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Mc(qq)q̈q + Cc(qq, q̇q)q̇q +
∂Uq
∂qq
= Tc (3.26)
Mc(qq) Cc(qq, q̇q) Uq Tc
Mc(qq) = D
T
q MqDq Tc = [0, τs, τi]
T τs τi
Eq Kq
Uq
Eq = Kq + Uq (3.27)
Kq =
1
2
q̇Tq Mc(qq)q̇q (3.28)
Uq = (mbyb + ml(ys + yi))g (3.29)
Ėq = K̇q + U̇q = q̇
T
q Tc (3.30)
3.2.2
4 Kq
Ekq
Kq = Ekq
Vq
Vq =
1
2
(Kq − Ekq)
2, V̇q = (Kq − Ekq)K̇q (3.31)
(3.31) 2 (2.71) V̇q < 0
Kq → Ekq
(3.31) (3.30) V̇q
V̇q = (Kq − Ekq)
(
q̇Tq Tc − U̇q
)
= (Kq − Ekq)
(
θ̇sτs + θ̇iτi − U̇q
)
< 0 (3.32)
θ̇iτi = 0
V̇q = (Kq − Ekq)
(
θ̇sτs − U̇q
)
< 0 (3.33)
52
4 X
θ̇s < 0
Kq − Ekq < 0 Kq < Ekq
θ̇sτs − U̇q > 0 (3.34)
θ̇s < 0 θ̇s = −
∣
∣
∣θ̇s
∣
∣
∣ τs
τs <





−
∣
∣
∣
U̇q
θ̇s
∣
∣
∣
(
U̇q ≥ 0 ∩ θ̇s < 0
)
∣
∣
∣
U̇q
θ̇s
∣
∣
∣
(
U̇q < 0 ∩ θ̇s < 0
)
(3.35)
Kq − Ekq ≥ 0 Kq ≥ Ekq
τs >





−
∣
∣
∣
U̇q
θ̇s
∣
∣
∣
(
U̇q ≥ 0 ∩ θ̇s < 0
)
∣
∣
∣
U̇q
θ̇s
∣
∣
∣
(
U̇q < 0 ∩ θ̇s < 0
)
(3.36)
τs
τs =













−ζ
∣
∣
∣
U̇q
θ̇s
∣
∣
∣
(
Kq − Ekq < 0 ∩ θ̇s < 0
)
ζ
∣
∣
∣
U̇q
θ̇s
∣
∣
∣
(
Kq − Ekq ≥ 0 ∩ θ̇s < 0
)
0
(
θ̇s ≥ 0
)
(3.37)
ζ 1 < ζ < ∞ (3.37) θ̇s
ζ
Vq 2 (2.77)
3.3 4
4
θb = 8.73 × 10
−2 rad θlj = 1.57 rad
4 X
Xg = (mbxb + ml(xs + xi))/(mb + 2ml) Xg ≥ 1.25 × 10
−2
4
PID PID
4 3.1
3.3
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3.3 4
Ekq 5.00 × 10
−2
ζ0 10.0
κp 1.00 × 10
2
κi 20.0
κd 1.00 × 10
−1
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3.6: 10 5.57
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3.8: Y yb ylj j
4
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3.10: taulj j
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4. 6
6
3
6
3
6
4.1 6
6
4.1
4.2
4.1 2
4.3
4.3(a)
1.
2.
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3.
                                                                                                                                                                                                                                                   
                                                                                                                                                                                                                                                   
                                                                                                                                                                                                                                                   


	

	

(a) (b)
4.1: (a)
(b)
                                                                                                                                                                                                                                                                                                                                                                
                                                                                                                                                                                                                                                                                                                                                                
                                                                                                                                                                                                                                                                                                                                                                
(b)
                                                                                                                                                                                                                                                                                                                                                                                                             
                                                                                                                                                                                                                                                                                                                                                                                                             
                                                                                                                                                                                                                                                                                                                                                                                                             
(a)
4.2: (a)
(b)
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(a)
                                                                                                                                                                                                                                                          
                                                                                                                                                                                                                                                          
                                                                                                                                                                                                                                                          
(1)
                                                                                                                                                                                                                                                         
                                                                                                                                                                                                                                                         
                                                                                                                                                                                                                                                         
(2)
                                                                                                                                                                                                                                                         
                                                                                                                                                                                                                                                         
                                                                                                                                                                                                                                                         
(3)
4.3: 6 (a)
(1) (3)
4.2 6
6
6
6
1. 6
2. 6
3.
4.
6 4.4 4.1
4.2 θlj θb
X 6 2
60
Y
g
0
b
X
1lθ
2lθ
3lθ
4lθ
5lθ
6lθ
ll
bl
gll
lr
( )bb yx ,
( )
11
, ll yx
( )
22
, ll yx
( )
33
, ll yx
( )
44
, ll yx
( )
55
, ll yx
( )
66
, ll yx
4.4: 6 6
X 2 θlj
θb
4.4 6
4.1 6
[kg] mb 1.70 × 10−1
[kg] ml 4.50 × 10−2
[kgm2] Ib 7.65 × 10−5
[kgm2] Il 4.59 × 10−6
[Nms/rad] cb 1.70 × 10−9
[Nms/rad] cl 5.50 × 10−10
[m] lb 3.00 × 10−2
[m] ll 3.50 × 10−2
[m] lgl 1.75 × 10−2
[m] rl 3.00 × 10−2
[m/s2] g 9.81
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4.2 6 j = 1, · · · , 6 .
[m] (xb, yb)
j [m] (xlj , ylj)
[rad] θb
j [rad] θlj
j [m] (xcj , ycj)
j [Nm] τlj
3
6
xh
xh = [θb, θl1, · · · , θl6, xb, yb, xl1, yl1, · · · , xl6, yl6]
T . (4.1)
(4.2)
Mhẍh = hh (4.2)
Mh := diag (M11,M22) (4.3)
M11 :=

















Ib + 6Il Il Il Il Il Il Il
Il Il 0 0 0 0 0
Il 0 Il 0 0 0 0
Il 0 0 Il 0 0 0
Il 0 0 0 Il 0 0
Il 0 0 0 0 Il 0
Il 0 0 0 0 0 Il

















M22 := diag (mb, mb, ml, ml, ml, ml, ml, ml, ml, ml, ml, ml, ml, ml)
hh :=
[
−cbθ̇b, τl1 − clθ̇l1, · · · , τl6 − clθ̇l6,
0, −mbg, 0, −mlg, 0, −mlg, 0, −mlg, 0, −mlg, 0, −mlg, 0, −mlg]
T (4.4)
(4.2) 6 (4.5)
Mhẍh = hh + C
T
h λh (4.5)
6 (4.6)





xlj = xb + lb sin
(
θb +
j−1
3 π
)
+ lgl sin
(
θb + θlj +
j−1
3 π
)
ylj = yb + lb cos
(
θb +
j−1
3 π
)
+ lgl cos
(
θb + θlj +
j−1
3 π
)
(4.6)
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Ch Chẋh = 0
Ch =
∂Φh
∂xh
(4.7)
Φh = 0 (4.6)
(4.5) q̇h
q̇h =
[
θ̇b, θ̇l1, θ̇l2, θ̇l3, θ̇l4, θ̇l5, θ̇l6, ẋb, ẏb
]T
(4.8)
ẋh ẋh =
[
q̇Th ,v
T
h
]T
Ch Chẋh =
Ch1q̇h + Ch2vh Ch = [Ch1,Ch2] Dh
ChDh = 0 ẋh = Dhq̇h Chẋh = Ch1q̇h + Ch2vh = 0
vh = −C
−1
h2 Ch1q̇h Dh ẋh =
[
q̇Th ,v
T
h
]T
= Dhq̇h
Dh =


I9
−C−1h2 Ch1

 (4.9)
I (4.9) (4.5)
DTh
DTq MqDqq̈q + D
T
q MqḊqq̇q = D
T
q hq (4.10)
6 3 6
(xcj , ycj)





xcj = xb + lb sin
(
θb +
j−1
3 π
)
+ (ll − rl) sin
(
θb + θlj +
j−1
3 π
)
ycj = yb + lb cos
(
θb +
j−1
3 π
)
+ (ll − rl) cos
(
θb + θlj +
j−1
3 π
)
(4.11)





xcj = xcj0 + rl(θb + θlj − (θb0 + θlj0))
ycj = rl
(hj ≤ 0 ∩ λj > 0) (4.12)
hj = ycj − rl
(4.13)
CI =
∂ΦI
∂xh
(hj ≤ 0 ∩ λj > 0) (4.13)
6 (4.14)
DTh MhDhq̈h + D
T
h MhḊhq̇h = D
T
h hh + D
T
h C
T
I λI (4.14)
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4.3
4.3 3 6
3
6 X
4.3.1
4.5 0
0
Y
g
0
b
X
3iθ
4iθ
5iθ
sθ
1iθ
2iθ
ll
bl
gll
lr
( )bb yx ,
( )
33
, ii yx
( )
44
, ii yx
( )
55
, ii yx
( )ss yx ,
( )
11
, ii yx
( )
22
, ii yx
4.5: 6
0
0
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(4.15)



































xb = (ll − rl) sin(θb + θs) + lb sin θb
yb = (ll − rl) cos(θb + θs) + lb cos θb + rl
xs = (ll − rl − lgl) sin(θb + θs)
ys = (ll − rl − lgl) sin(θb + θs) + rl
xik = xb + lb sin
(
θb +
k+3
3 π
)
+ lgl sin
(
θb + θik +
k+3
3 π
)
yik = yb + lb cos
(
θb +
k+3
3 π
)
+ lgl cos
(
θb + θik +
k+3
3 π
)
(4.15)
(xs, ys) (xik, yik) k = 1, · · · , 5
q̇h
q̇h =
[
θ̇b, θ̇s, θ̇i1, θ̇i2, θ̇i3, θ̇i4, θ̇i5
]T
(4.16)
Ch Dh
Mc(qh)q̈h + Cc(qh, q̇h)q̇h +
∂Uh
∂qh
= Tc (4.17)
Mc(qh) := D
T
h MhDh
Tc := [0, τs, τi1, τi2, τi3, τi4, τi5]
T
Eh Kh Uh
Eh = Kh + Uh (4.18)
Kh =
1
2
q̇Th Mc(qh)q̇h, (4.19)
Uh = (mbyb + ml(ys + yi1 + yi2 + yi3 + yi4 + yi5))g, (4.20)
Ėh = K̇h + U̇h = q̇
T
h Tc (4.21)
4.3.2
6 Kh
Xg =
(mbxb + ml(xs + xi1 + xi2 + xi3 + xi4 + xi5))
mb + 6ml
(4.22)
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Xg = 0 Ekh
Xg = 0 Kh = Ekh
Vh 3
Vh =
1
2
(Kh − Ekh)
2, V̇h = (Kh − Ekh)K̇h (4.23)
V̇h < 0 Kh → Ekh
(4.23) (4.21) V̇h
V̇h = (Eh − Ekh)
(
θ̇sτs + θ̇i1τi1 + θ̇i2τi2 + θ̇i3τi3 + θ̇i4τi4 + θ̇i5τi5 − U̇h
)
= (Eh − Ekh)
(
θ̇sτs − U̇h
)
< 0 (4.24)
Kh − Ekh ≥ 0 Kh ≥ Ekh
τs = 0 Kh − Ekh < 0 Kh < Ekh
θ̇s < 0 θ̇s = −
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